Abstract-Sparse Singular Value Decomposition (SVD) models have been proposed for biclustering high dimensional gene expression data to identify block patterns with similar expressions. However, these models do not take into account prior group effects upon variable selection. To this end, we first propose group-sparse SVD models with group Lasso (GL 1 -SVD) and group L 0 -norm penalty (GL 0 -SVD) for non-overlapping group structure of variables. However, such group-sparse SVD models limit their applicability in some problems with overlapping structure. Thus, we also propose two group-sparse SVD models with overlapping group Lasso (OGL 1 -SVD) and overlapping group L 0 -norm penalty (OGL 0 -SVD). We first adopt an alternating iterative strategy to solve GL 1 -SVD based on a block coordinate descent method, and GL 0 -SVD based on a projection method. The key of solving OGL 1 -SVD is a proximal operator with overlapping group Lasso penalty. We employ an alternating direction method of multipliers (ADMM) to solve the proximal operator. Similarly, we develop an approximate method to solve OGL 0 -SVD. Applications of these methods and comparison with competing ones using simulated data demonstrate their effectiveness. Extensive applications of them onto several real gene expression data with gene prior group knowledge identify some biologically interpretable gene modules.
INTRODUCTION
S INGULAR Value Decomposition (SVD) is one of the classical matrix decomposition models [1] . It is a useful tool for data analysis and low-dimensional data representation in many different fields such as signal processing, matrix approximation and bioinformatics [2] , [3] , [4] . However, the non-sparse singular vectors with all variables are difficult to be explained intuitively. In the recent years, sparse models have been widely applied in computational biology to improve biological interpretation [5] , [6] , [7] . In addition, many researchers applied diverse sparse penalties onto singular vectors in SVD and developed multiple sparse SVD models to improve their interpretation and capture inherent structures and patterns from the input data [8] , [9] . For example, sparse SVD provides a new way for exploring bicluster patterns of gene expression data. Suppose X ∈ R p×n denotes a gene expression matrix with p genes and n samples. Biologically, a subset of patients and genes can be clustered together as a coherent bicluster or block pattern with similar expressions. Previous studies have reported that such a bicluster among gene expression data can be identified by low-rank sparse SVD models [10] , [11] , [12] . However, these sparse models ignore prior information of gene variables, and usually assume that each gene is selected in a bicluster with equal probability. Actually, one gene may belong to multiple pathways in biology [13] . As far as we know, there
is not yet a model for biclustering gene expression data by integrating gene pathway information. Group sparse penalties [14] , [15] should be used to induce the structured sparsity of variables for variable selection. Several studies have explored the (overlapping) group Lasso in regression tasks [16] , [17] . However, little work focus on developing structured sparse SVD for biclustering high-dimensional data (e.g., biclustering gene expression data via integrating prior gene group knowledge). In this paper, motivated by the development of sparse coding and structured sparse penalties, we propose several group-sparse SVD models for pattern discovery in biological data. We first introduce the group-sparse SVD model with group Lasso (L 1 ) penalty (GL 1 -SVD) to integrate nonoverlapping structure of variables. Compared to L 1 -norm, L 0 -norm is a more natural sparsity-inducing penalty. Thus, we also propose an effective group-sparse SVD via replacing L 1 -norm with L 0 -norm, called GL 0 -SVD, which uses a mixnorm by combining the group Lasso and L 0 -norm penalty. However, the non-overlapping group structure limits their applicabilities in diverse fields. We consider a more general situation, where we assume that either groups of variables are potentially overlapping (e.g., a gene may belong to multiple pathways (groups)). We also propose two group-sparse SVD models with overlapping group Lasso (OGL 1 -SVD) and overlapping group L 0 -norm penalty (OGL 0 -SVD).
To solve these models, we design an alternating iterative algorithm to solve GL 1 -SVD based on a block coordinate descent method and GL 0 -SVD based on a projection method. Furthermore, we develop a more general approach based on Alternating Direction Method of Multipliers (ADMM) to solve OGL 1 -SVD. In addition, we extend OGL 1 -SVD to OGL 0 -SVD, which is a regularized SVD with overlapping grouped L 0 -norm penalty. The key of solving OGL 1 -SVD is also a proximal operator with overlapping group L 0 -norm penalty. We propose a greedy method to solve it and obtain its approximate solution. Finally, applications of these methods and comparison with the state-of-the-art ones using a set of simulated data demonstrate their effectiveness and computational efficiency. Extensive applications of them onto the high-dimensional gene expression data show that our methods could identify more biologically relevant gene modules, and improve their biological interpretations.
Related Work We briefly review the regularized low rank-r SVD model as follows:
where X ∈ R p×n with p features and n samples, U ∈ R p×r , V ∈ R r×n and D is diagonal matrix. U i (V i ) corresponds to the i-th column of U (V ), which is a column orthogonal matrix. To solve the above optimization problem, we introduce a general regularized rank-one SVD model:
where d is a positive singular value, u is a p-dimensional column vector, and v is a n-dimensional column vector. Ω 1 (u) and Ω 2 (v) are two penalty functions, c 1 and c 2 are two hyperparameters. In a Bayesian view, different prior distribution functions of u and v correspond to different regularized functions. For example, L 1 -norm is a very popular sparsity-inducing norm [18] and has been used to obtain sparse solutions in a large number of statistical models including the regression model [18] , [19] , SVD [20] , PCA [21] , LDA [22] , K-means [23] , etc. Recently, some sparse SVD models have been proposed for coherent sub-matrix detection [20] , [10] , [11] . For example, Witten et al. [20] developed a penalized matrix decomposition (PMD) method, which regularizes the singular vectors with Lasso and fussed Lasso to induce sparsity. Lee et al. [10] proposed a rank-one sparse SVD model with adaptive Lasso (L 1 ) (L 1 -SVD) of the singular vectors for biclustering of gene expression data. Some generalized sparsity penalty functions (e.g., group Lasso [14] and sparse group lasso [24] ) have been widely used in many regression models for feature selection by integrating group information of variables. However, it is a challenging issue to use these generalized penalty functions such as group Lasso and overlapping group Lasso [15] , [25] in the SVD framework with effective algorithms. To this end, we develop several group-sparse SVD models with different group-sparse penalties including Ω GL1 (u), Ω GL0 (u), Ω OGL1 (u) and Ω OGL0 (u) to integrate diverse group structures of variables for pattern discovery in biological data (see 
GROUP-SPARSE SVD MODELS
In this section, we propose four group sparse SVD models with respect to different structured penalties (TABLE  1) . For a given data (e.g., gene expression data), we can make proper adjustments to get one-sided group-sparse SVD models via using (overlapping) group-sparse penalties for the right (or left) singular vector. For example, SVD(OGL 0 , L 0 ) is a group-sparse SVD model, which uses the overlapping group L 0 -penalty for u and L 0 -penalty for v respectively. 
Below we will introduce these models and their algorithms in detail.
GL 1 -SVD
Suppose the left singular vector u and right singular vector v can be respectively divided into L and M nonoverlapping groups:
Here, we consider the (adaptive) group Lasso (GL 1 ) penalty [26] for u and v as follows:
where both w l and τ m are adaptive weight parameters. Suppose w l = √ p l and τ m = √ q m for group sizes, the penalty reduces to a traditional group Lasso. Based on the definition of GL 1 penalty, we propose the first group-sparse SVD with group Lasso penalty (GL 1 -SVD), also namely SVD(GL 1 , GL 1 ):
Since
F is equivalent to minimizing −u T Xv, and once the u and v are determined, the d value is determined by u T Xv. We obtain the Lagrangian form of GL 1 -SVD model as follows:
where λ 1 ≥ 0, λ 2 ≥ 0, η 1 ≥ 0 and η 2 ≥ 0 are Lagrange multipliers. To solve the problem (5), we apply an alternating iterative algorithm to optimize u for a fixed v and vice versa.
Learning u
Fix v and let z = Xv, minimizing Eq. (5) is equivalent to minimizing the following criterion:
where
It is obvious that L(u, λ, η) is convex with respect u, and we develop a block coordinate descent algorithm [27] , [28] , [29] , [30] to minimize Eq. (6), i.e. one group of u is updated at a time. For a single group u (l) with fixed u
for all 1 ≤ j ≤ L and j = l, the subgradient equations (see [31] ) of Eq. (6) with respect to u (l) is written as:
where s (l) is the subgradient vector of u (l) and it meets
Based on Eq. (7), we have 2ηu
. Thus, we
In short, we obtain the following update rule for
otherwise.
Since Eq. (6) is strictly convex and separable, the block coordinate descent algorithm must converge to its optimal solution [27] . Finally, we can choose an η to guarantee u = u u 2 (normalizing condition).
Learning v
In the same manner, we fix u in Eq. (5) and let z = X T u. Similarly, we can also obtain the coordinate update rule for
Furthermore, to meet the normalizing condition, we chose an η to guarantee v = v v 2
. Besides, if here each group only contains one element, then the group Lasso penalty reduces to the Lasso penalty. Accordingly, we get another update formula:
Based on Eqs. (9) and (10), we propose an alternating iterative algorithm (Algorithm 1) to solve the GL 1 -SVD model and its time complexity is O(T np + T p 2 + T n 2 ), where T is the number of iterations. We can control the iteration by monitoring the change of d.
In order to display the penalty function for left and right singular vectors, GL 1 -SVD can also be written in another form SVD(GL 1 , GL 1 ), denoting that the left singular vector u is regularized by GL 1 penalty and the right singular vector v is regularized by GL 1 penalty, respectively. Similarly, we can simply modify Algorithm 1 to solve SVD(GL 1 , L 1 ) model, which applies Lasso as the penalty for v.
GL 0 -SVD
Unlike GL 1 penalty, below we consider a group L 0 -norm penalty (GL 0 ) of u and v as follows:
Based on the above definition of GL 0 penalty, we propose the second group-sparse SVD model with GL 0 penalty, namely GL 0 -SVD or SVD(GL 0 , GL 0 ):
Here, we employ an alternating iterative strategy to solve problem (13) . Fix u (or v), the problem (13) reduces to a projection problem with group L 0 -norm penalty. Let z = Xv 4:
else 8:
end if 10: end for 11 :
12:
for m = 1 to M do 13: Let z = X T u 
end if 19: end for 20 :
Fix v and let z u = Xv, Eq. (13) reduces to a group-sparse projection operator with respect to u:
We present Theorem 1 to solve problem (14) .
Theorem 1.
The optimum solution of Eq. (14) is
, where P GL0 (z u ) is a column-vector and meets
is a sub-vector from the g-th group, g = 1, 2, · · · , L and supp(φ(z u ), k u ) denotes the set of indexes of the largest k u elements of φ(z u ).
The objective function of (14) can be simplified as
. Theorem 1 shows that solving problem (14) is equivalent to forcing the elements in L − k u groups of z u with the smallest group-norm values to be zeros. We can easily prove that Theorem 1 is true. Here we omit the prove process.
Learning v
In the same manner, fix u and let z v = X T u, thus problem (13) can be written as a similar subproblem with respect to v: minimize
Similarly, based on Theorem 1, we can obtain the estimator of v as
GL 0 -SVD Algorithm
Finally, we propose an alternating iterative method (Algorithm 2) to solve the optimization problem (13) . The time complexity of Algorithm 2 is O(T np + T n 2 + T p 2 ), where T is the number of iterations.
p×n , k u and k v ; Group information Ensure: u, v and d.
1: Initialize v with v = 1 2: repeat 3: Let z u = Xv
4:
u = P GL0 (z u ) by using Eq. (15) 5:
Let
v = P GL0 (z v ) by using Eq. (15) 8:
Note that once the number of elements of every group equals 1 (i.e., q i = 1 for i = 1, 2, · · · , M ), the group L 0 -norm penalty reduces to L 0 -norm penalty. Moreover, Algorithm 2 with a small modification can be used to solve SVD(GL 0 , L 0 ), which applies L 0 -norm as the penalty for the right singular vector v. In addition, compared to adaptive group lasso [26] , we may consider a weighted (adaptive) group L 0 -penalty. We rewrite φ( (15), where w i is a weight coefficient to balance different group-size and it is defined by w i = 1/ √ q i , and q i is the number of elements in group i.
OGL 1 -SVD
In some situations, the non-overlapping group structure in group Lasso limits its applicability in practice. For example, a gene can participate in multiple pathways. Several studies have explored the overlapping group Lasso in regression tasks [16] , [17] . However, structured sparse SVD with overlapping group structure remains to be solved.
Here we consider the overlapping group situation, where a variable may belong to more than one group. Suppose u corresponds to the row-variables of X with overlapping groups
In other words, u and v can be respectively divided into L and M groups, which can be represented by
We define an overlapping group Lasso (OGL 1 ) penalty of u as follows [15] , [16] , [32] :
where supp(·) denotes the index set of non-zero elements for a given vector. OGL 1 is a specific penalty function for structured sparsity. It can lead to the sparse solution, whose supports are unions of predefined overlapping groups of variables. Based on the definition of OGL 1 , we propose the third groupsparse SVD model as follows:
where c u and c v are two hyperparameters. We first introduce two latent vectorsũ andṽ. Letũ
, which is a column vector with size of L l=1 |G l |. Similarly, we can getṽ based on v. In addition, we can extend the rows and columns of X of p × n to obtain a new matrixX with size of
|G m |, whose row and column variables are non-overlapping. Thus, solving the problem (18) is approximately equivalent to solving a SVD(GL 1 , GL 1 ) for non-overlappingX. We can obtain an approximate solution of (18) by using Algorithm 1. However, if a variable belongs to many different groups, it leads to a large computational burden. For example, given a protein-protein interaction (PPI) network, which contains about 13,000 genes and 250,000 edges. If we consider each edge of the PPI network as a group, then we would construct a high-dimensional matrixX, which contains 500,0000 rows.
To address this issue, we develop a method based on alternating direction method of multipliers (ADMM) [33] , [34] to directly solve problem (18) . Similar with Eq. (5), we first redefine problem (18) with its Lagrange form:
where parameters λ 1 ≥ 0, λ 2 ≥ 0, η 1 ≥ 0 and η 1 ≥ 0 are Lagrange multipliers. Inspired by [35] , we develop an alternating iterative algorithm to minimize it. That is, we optimize the above problem with respect to u by fixing v and vice versa. Since u and v are symmetrical in problem (19), we only need to consider a subproblem with respect to u as follows:
where z = Xv. Since the overlapping Lasso penalty is a convex function [36] . We can apply ADMM [33] , [34] to solve the above problem (20) . To obtain the learning algorithm of (20), we first introduce an auxiliary y and redefine the above problem as follows:
So the augmented Lagrangian of (21) can be written as follows:
are two column vectors with L nonoverlapping groups. For convenience, we first define some column-vectorsθ
, and they have the same size and group structures as u, whereθ
. So we can obtain the gradient equations with respect to u in Eq. (22) as follows:
where "•" performs element-by-element multiplication. Thus, we can obtain the update rule for u and ensure it is a unit vector:
We also obtain the subgradient equations (see [31] ) with respect to y (l) in Eq. (22) as follows:
, we thus develop a block coordinate descent method to learn Lagrange multipliers y. Since y
can be updated in parallel according to the following formula:
Based on ADMM [34] , we also obtain the update rule for θ as follows:
Combining Eqs. (24), (26) and (27), we thus get an ADMM based method to solve problem (21) (Algorithm 3). Note that the output of Algorithm 3 is a set of selected group indexes, defined as
Algorithm 3 ADMM method for problem (21)
Require: z ∈ R p , G, λ, ρ > 0 1: Initialize θ and y 2: repeat 3: Updating u with fixed y and θ using Eq. (24) 4:
Updating y with fixed u and θ using Eq. (26) 5:
Updating θ with fixed u and y using Eq. (27) 6: until convergence 7: T = {g : y 
Get the active groups T u by Algorithm 3 with z u and G u as the input 5 :
Get the active groups T v by Algorithm 3 with z v and G v as the input 9 :
In summary, based on the ADMM algorithm (Algorithm 3), we adopt an alternating iterative strategy (Algorithm 4) to solve SVD(OGL 1 ,OGL 1 ). In Algorithm 4, the operation x = z • 1 T denotes if group l ∈ T , then x G l = z G l , and the remaining elements of x are zero.
OGL 0 -SVD
Here we define an overlapping group L 0 -norm penalty (OGL 0 ) of u as follows: (28) where supp(·) denotes the index set of non-zero elements for a given vector.
Based on the definition of OGL 0 , we propose the fourth group-sparse SVD model with overlapping group L 0 -norm penalty (OGL 0 -SVD) as follows:
Similarly, we solve the above problem by using an alternating iterative method. Fix u (or v), we transform the original optimization problem into a projection problem with overlapping group L 0 -norm penalty. Fix v in problem (29) and let z = Xv, thus the problem can be written into a projection problem with overlapping group L 0 -norm penalty:
To solve the above problem, we introduce y and obtain the above problem in a new way:
The above problem contains overlapping group-sparse induced penalty with L 0 -norm. Thus, it is difficult to solve the exact solution of problem (31) . To this end, we use an approximate method, which replaces z T u by using
. Thus, problem (31) approximately reduces to the below problem,
(32) Since y contains a non-overlapping structure, we can easily get the optimal solution of the above problem on u and y. To sum up, we obtain an approximate solution of (30) as Theorem 2 suggests.
Theorem 2.
The approximate solution of (30) is
and supp(φ(z), k u ) denotes the set of indexes of the largest k u elements of φ(z).
Briefly, Theorem 2 shows that approximately solving the problem (30) is equivalent to keeping elements of k u groups with the largest k u group-norm values and the other elements are zeros.
Fix u in problem (29) and let z = X T u, thus the problem (29) reduces to the following one:
Similarly, based on Theorem 2, we can obtain the approximate solution of (34) as
. Finally, we propose an alternating iterative method based on an approximate method to solve problem (29) (Algorithm 5). Let
v = P OGL0 (z v ) by using Eq. (33) 8:
d = z T v 10: until d convergence 11: return u, v and d
Convergence analysis
Inspired by [27] , [37] , for a two-block coordinate problem, if its objective function of each subproblem is strictly convex, then there exists a unique global optimal solution for this problem. The Gauss-Seidel method can effectively solve such a two-block coordinate problem and it converges to a critical point for any given initial (see [38] and the references therein). We note both the proposed GL 1 -SVD (Algorithm 1) and OGL 1 -SVD (Algorithm 4) are Gauss-Seidel type of methods and those subproblems of GL 1 -SVD and OGL 1 -SVD models are strictly convex. Thus, GL 1 -SVD and OGL 1 -SVD algorithms are convergent.
Next we discuss the convergence of GL 0 -SVD (Algorithm 2). In [35] , the authors developed a class of methods based on a proximal gradient strategy to solve a broad class of nonconvex and nonsmooth problems:
where f (u) and g(v) are nonconvex and nonsmooth functions and H(u, v) is a smooth function (also see [39] , [40] , [41] ). GL 0 -SVD model can be seen as such a problem:
of GL 0 -SVD is semialgebraic and meets the KL property (Regarding the semialgebraic and KL property, please see [35] , [39] , [41] ). Based on the Theorem 1 in [35] (also see Theorem 2 in [41]), we can obtain that GL 0 -SVD algorithm converges to a critical point. In a word, GL 1 -SVD (Algorithm 1), GL 0 -SVD (Algorithm 2) and OGL 1 -SVD (Algorithm 4) converge to their corresponding critical points. Although OGL 0 -SVD (Algorithm 5) applies an approximate strategy, it has a good convergence in practice.
Group-sparse SVD for edge-guided gene selection
Given a high-dimensional data (e.g., gene expression data) and a prior network (e.g., a gene interaction network), we can consider a special edge group structure, in which each edge (e.g., a gene interaction) is considered as a group. In our study, the gene interaction network is regarded as the graph (V, E) where V = {1, · · · , p} is the set of nodes (genes) and E is the set of edges (gene interactions). SVD(OGL 0 , L 0 ) can be applied to analyze such highdimensional gene expression data via integrating group information G u = E. The estimated sparse solution is used for gene selection.
Learning multiple factors
To identify the next gene module, we subtract the signal of current pair of singular vectors from the input data (i.e., X := X − du T v), and then apply SVD(OGL 0 ,L 0 ) again to identify the next pair of sparse singular vectors. Repeat this step for r times, we obtained r pairs of sparse singular vectors and get a rank r approximation of matrix X.
SIMULATION STUDY
In the section, we applied these group sparse SVD methods (GL 1 -SVD, GL 0 -SVD, OGL 1 -SVD and OGL 0 -SVD) to a set of simulated data and compared their performance with several sparse SVD method without using prior group information including L 0 -SVD [42] , [43] , L 1 -SVD [10] . We generated two types of simulation data with respect to nonoverlapping group structure (GR) and overlapping group structure (OGR) respectively (Fig. 1A) .
Without loss of generality, we first generated u and v for GR and OGR cases, and then generated a rank-one data matrix by using formula
∼ N (0, 1) and γ is a nonnegative parameter to control the signal-to-noise ratio (SNR). The logarithm of SNR (logSNR) is defined by:
where E( γ 2 F ) denotes the expected sum of squares of noise.
We evaluated the performance of all methods by the following measures including true positive rate (TPR), true negative rate (TNR), false positive rate (FPR), false discovery rate (FDR) and accuracy (ACC). They are defined as follows:
where P denotes the number of positive samples, N denotes the number of negative samples, TP denotes the number of true positive, TN denotes the number of true negative, FP denotes the number of false positive, and FN denotes the number of false negative, respectively.
Non-overlapping group structure (GR)
We generated the simulated data matrix X ∈ R p×n with n = 100 samples without groups, and p row variables with 50 groups. We first generated v = rnorm(n, mean = 0, sd = 1), which samples n elements from the standard normal distribution. Then we generated u = [u G1 ; u G2 ; · · · ; u G50 ] with 50 groups where if i ∈ {3, 4, 13, 14, 15, 33, 34, 43, 44, 45}, and u Gi = sample({−1, 1}, q), which samples q elements from {−1, 1}, and q denotes the number of members of a group, otherwise u Gi = 0. Finally, we obtained the simulated matrix X by using Eq. (37).
Here we first considered q ∈ {20, 100} and logSNR ∈ {−1, −2, −2.2, −2.4, −2.6, −2.8} to generate simulated data with GR. Given a logSNR, suppose u, v and d are known, then we got a γ by using Eq. (38) . For each pair (q, logSNR), we generated 50 simulated matrices Xs.
Here, we evaluated the performance of GL 1 -SVD and GL 0 -SVD with k u = 10 (groups) in this simulated data. For comparison, we forced the identified u to contain 200 non-zero elements if q = 20 (i.e., the number of rows of X is p = 1000) and 1000 non-zero elements if q = 100 (i.e., p = 5000) for L 1 -SVD and L 0 -SVD by tuning their parameters. For visualization, we first tested GL 1 -SVD and GL 0 -SVD with k v = 10 to a GR simulated X with p = 1000 and logSNR = −2, to explain their performance and compared them with other methods (Fig. 2A) . Obviously GL 1 -SVD and GL 0 -SVD can improve performance of variable selection by integrating non-overlapping group information of variables. Further, we tested our methods on more GR simulation data ( Fig. 2B and TABLE 2 ). We also found that the performance of GL 0 -SVD and GL 1 -SVD are significantly superior to that of L 0 -SVD, L 1 -SVD in terms of different logSNRs with p = 1000 or p = 5000 (Fig. 2B ). In particular, the greater the noise of simulated data, the better the performance of our methods. Furthermore, compared with GL 1 -SVD, GL 0 -SVD obtains higher singular values for different logSNRs (Fig. 2B ). We also compare the different algorithms on GPU time of an ordinary personal computer, all the algorithm takes less than one second. Computational results illustrate that our models can enhance the power of variable selection by integrating group information of variables.
Overlapping group structure (OGR)
To generate OGR simulated data, we first generated v with n = 100 (samples) and its elements are from a standard normal distribution, i.e., v = rnorm(n, mean = 0, sd = 1).
Then we generated u with overlapping groups. We considered an overlapping group structure for u as follows:
where every group and its adjacent groups overlap half of the elements. Note that the dimension of u is p = 50t.
If i ∈ {3, 13, 14, 33, 43, 44} (active groups), then u Gi = sample({−1, 1}, 2t) (2t denotes the number of members of a group), otherwise u Gi = 0. We considered t ∈ {20, 100} and logSNR ∈ {−1, −2, −2.2, −2.4, −2.6, −2.8} for generating OGR simulated data. Note that once u, v and logSNR is given, we could generate the simulated matrix X ∈ R p×n using Eq. (37) where d = 1. For each pair (q, logSNR), we generated 50 simulated matrices Xs. For visualization, we first applied OGL 1 -SVD and OGL 0 -SVD with k v = 5 onto a simulated X with OGR, p = 1000 and logSNR = −2, to explain their performance and compared them with other methods (Fig. 2A) . Obviously OGL 1 -SVD and OGL 0 -SVD can improve performance of variable selection by integrating overlapping group information of variables. Further, we tested our methods on more OGR simulation data ( Fig. 2B and TABLE 2 ). For comparison, we forced the identified u to contain 200 non-zero elements if t = 20 (i.e., the number of rows of X is p = 1000) and 1000 non-zero elements t = 100 for L 1 -SVD and L 0 -SVD by tuning their parameters. The performance of OGL 0 -SVD and OGL 1 -SVD are significantly superior to that of L 0 -SVD, L 1 -SVD in terms of different logSNRs with p = 1000 or p = 5000 (Fig. 2B) . OGL 1 -SVD and OGL 0 -SVD get similar singular values, whereas OGL 1 -SVD needs more time in terms of different logSNRs with p = 1000 or p = 5000 (Fig. 2B) .
Finally, we also investigated the effect of our methods with different sizes of data Xs. In the simulated data, there are 10 active groups (each group contains q members) for GR cases, and there are 5 active groups for OGR cases and each group contains 2t members. We set q = t, thus we can set a common original signal of u for GR and OGR cases. Based on the defini-tion of u and v, we set q ∈ {20, 40, 100, 160, 200} (i.e., p ∈ {1000, 2000, 5000, 8000, 10000}) and logSNR=-2.8 to generate X using Eq. (37) . For each pair (q, logSNR), we generated 50 simulated matrices Xs. We applied GL 0 -SVD, GL 1 -SVD, L 0 -SVD and L 1 -SVD onto the simulated data and compared their performance in different ways (TABLE 2) . In summary, the group-sparse SVD methods obtain higher TPR, TNR and ACC (lower FPR and FDR) than L 1 -SVD and L 0 -SVD do (TABLE 2) . Naturally, the group-sparse methods spent a bit more time, and obtain lower singular value d. 
BIOLOGICAL APPLICATIONS
We applied our models to two gene expression data of two well-known large-scale projects.
Biological data
CGP expression data. We first downloaded a gene expression dataset from the Cancer Genome Project (CGP) [44] with 13321 genes across 641 cell lines (samples). The 641 cell lines are derived from different tissues and cancer types. TCGA expression data. We also obtained twelve cancer gene expression datasets for twelve cancer types across about 4000 cancer samples (http://www.cs.utoronto.ca/ ∼ yueli/PanMiRa.html), which is downloaded from TCGA database (http://cancergenome.nih.gov/). The twelve cancer types consist of Bladder urothelial carcinoma (BLCA, 134 samples), Breast invasive carcinoma (BRCA, 847 samples), Colon and rectum carcinoma (CRC, 550 samples), Head and neck squamous-cell carcinoma (HNSC, 303 samples), Kidney renal clear-cell carcinoma (KIRC, 474 samples), Brain lower grade glioma (LGG, 179 samples), Lung adenocarcinoma (LUAD, 350 samples), Lung squamous-cell carcinoma (LUSC, 315 samples), Prostate adenocarcinoma (PRAD, 170 samples), Skin cutaneous melanoma (SKCM, 234 samples), Thyroid carcinoma (THCA, 224 samples), Uterine corpus endometrioid carcinoma (UCEC, 478 samples). We normalized each gene expression dateset of a given cancer type using R function scale. Furthermore, we also downloaded the corresponding clinical data of the above 12 cancer types from Firehose (http://firebrowse.org/). KEGG pathway data. To integrate the pathway group information with SVD(GL 0 , L 0 ), we also downloaded the KEGG [13] gene pathways from the Molecular Signatures Database (MSigDB) [45] . We considered a KEGG pathway as a group and removed all the KEGG pathways with > 100 genes. Finally, we obtained 151 KEGG pathways across 2778 genes by only considering the intersection genes between the CGP gene expression and KEGG pathways data. On average, a gene pathway contains about 40 genes.
PPI network. We also downloaded a protein-protein interaction (PPI) network from Pathway Commons (http:// www.pathwaycommons.org/). In our application, we also considered the edge set of the PPI network as overlapping groups G u , i.e, a gene (protein) interaction edge represents a group.
Data collection. Finally, we generated three biological datasets to assess our models:
• Dataset 1: "CGP + PPI". This dataset was obtained by combining CGP gene expression and PPI network data with 13,321 genes, 641 samples and 262,462 interactions.
• Dataset 2: "TCGA + PPI". This dataset was obtained by combining TCGA gene expression and PPI network data. For each TCGA cancer type, we obtain the expression of 10,399 genes and a PPI network of 10399 genes and 257039 interactions. 
Biological analysis of gene modules:
To assess whether the identified modules have significant biological functions, we employed the bioinformatics tool DAVID (https://david.ncifcrf.gov/) [46] to perform gene enrichment analysis with GO biological processes (BP) and KEGG pathways. The terms with Benjamin corrected p-value < 0.05 are considered as significant ones.
For each cancer type, we first used SVD(OGL 0 , L 0 ) to find a gene module with similar expressions (Fig. 1) . To analyze the clinical relevance of each module in a given cancer type, we ran a multivariate multivariate Cox proportional hazard model to obtain the prognostic scores for the patients of this cancer type. It was implemented by using predict function in the R package 'survival' with type = "lp". Then we divided the patients of this cancer type into lowrisk and high-risk groups based on the prognostic scores. Finally, we assessed the overall survival difference between the two groups using log-rank test and drew a Kaplan-Meier (KM) curve for visualization.
Application to CGP data with a PPI network
We applied SVD(OGL 0 , L 0 ) to the "CGP+ PPI" dataset consisting of the CGP gene expression and PPI network data. We set k u = 100 to extract gene interactions, k v = 50 to select 50 samples. Here we only focused on the first identified gene module, which contains 56 genes and 272 interactions. We first found that the subnetwork of identified module in the prior PPI network is dense (Fig. 3A) . As we expected, the genes from this module contains a large number of linked genes in the prior PPI network (the degree sum of these genes is 6321). The identified 50 samples of this module are significantly related with some blood related cancers including AML (6 of 16), B cell leukemia (7 of 7), B cell lymphoma(7 of 10), Burkitt lymphoma(11 of 11), lymphoblastic leukemia(6 of 11), lymphoid neoplasm (5 of 11). On the other hand, these samples are specifically related with blood tissue (50 of 100). Moreover, this module is enriched in 77 different GO biological processes and 11 KEGG pathways, most of which are immune and blood related pathways including immune response-activating cell surface receptor signaling pathway, immune response-regulating cell surface receptor signaling pathway and immune responseactivating signal transduction (Fig. 3B) . Finally, we also applied L 0 -SVD to extract a gene module with the same number of genes and samples for comparison. However, this module only contains 35 edges and most of the identified genes are isolated. We repeatedly sample 80 percent of genes and samples from the original matrix (i.e., the CGP data) for 10 times. For each sampled data matrices, we applied OGL 0 -SVD and L 0 -SVD to identify a gene module with the same settings above. We obtained an average of 382.8 (edges) for OGL 0 -SVD, but an average of 35.6 (sum of edges) for L 0 -SVD. These results indicate that OGL 0 -SVD can identify gene modules with more connected edges in the prior PPI network by integrating edge-group structure. 
Application to TCGA data with a PPI network
We next applied SVD(OGL 0 , L 0 ) to analyze the gene expression data of 12 different cancers including BLCA, BLCA, LUAD, LUSC, BRCA, HNSC, THCA, KIRC, LGG, UCEC, and CRC. Note that SVD(OGL 0 , L 0 ) was tested independently for each cancer to identify a important gene module across a set of tumor patients. SVD(OGL 0 , L 0 ) uses overlapping group L 0 -norm penalty for gene interaction selection with k u = 100 (i.e. identify 100 edge-groups) and L 0 -norm penalty for sample-variable selection with k v = 50 (i.e., 50 samples). Thus, we obtained 12 gene modules for 12 cancer types with about 65 genes on average (TABLE 3) . For convenience, we defined the identified module of 'X' cancer-type as X-module (TABLE 3) . For comparison, we also enforced L 0 -SVD to identify a gene module with the same number of samples and genes for each cancer type.
As we expected, all modules identified by SVD(OGL 0 , L 0 ) contain more edges than the ones identified by L 0 -SVD.
Interestingly, we also find that most of the module genes identified by SVD(OGL 0 , L 0 ) are with higher degree in the prior PPI network than those by L 0 -SVD without using prior information (TABLE 3), indicating that these genes with higher degree tend to be related with cancer. In addition, we observed a overlapping pattern, containing four cancer-specific modules (BLCA, SKCM, LUAD and LUSC cancers which are related with skin/epidermis tissue) sharing many common genes. Subsequent functional analysis shows these common genes are enriched in some important immune-related pathways (Fig. 4A) . Taken together of 12 cancer-type gene modules, we find 412 enriched GO biological processes (GO BPs, or GOBPs) and 48 KEGG pathways with Benjamin corrected p-value < 0.05. Interestingly, some important caner-related KEGG pathways are discovered in both BRCA-module and HNSC-module including ECMreceptor interaction (with p-value = 4.3e-18 in BRCA-module and p-value = 2.8e-22 in HNSC-module), Focal adhesion (with p-value = 3.2e-16 in BRCA-module and p-value = 3.5e-22 in HNSC-module), and Pathways in cancer (with pvalue = 5.0e-03 in BRCA-module and p-value = 2.3e-04 in HNSC-module) (Fig. 4A) . Some important immune related pathways in both BLCA, SKCM, LUAD and LUSC-module including Cell adhesion molecules, Hematopoietic cell lineage, Natural killer cell mediated cytotoxicity, Primary immunodeficiency, and T cell receptor signaling pathway. This is consistent with previous studies that lung cancer is related to immune response [47] . In addition, several KEGG pathways are found in THCA-module including Oxidative phosphorylation (p = 1.1e-59), Parkinson's disease (p =7.9e-52), Alzheimer's disease (p =5.8e-48) and Huntington's disease (p = 1.8e-46). For clarity, the top five enriched GO BPs of each cancer module are shown (Fig. 4A) . Several GO BPs are common in many cancers, while most of them are specific to certain cancers (Fig. 4A) . Moreover, we find that those patients of 11 cancers (BLCA, BLCA, LUAD, LUSC, BRCA, HNSC, THCA, KIRC, LGG, UCEC, CRC) can be effectively separated into two risk-groups, which are significantly different with survival outcome (p-value < 0.05, log-rank test) (Fig. 4B) . All the results showed that our method by integrating interaction structure could identify more biologically relevant gene modules, and improve their biological interpretations.
Application to CGP data with KEGG Pathways
We applied SVD(OGL 0 , L 0 ) to the "CGP + KEGG". We set k u = 5 (i.e., five pathways), k v = 100 (i.e. 100 samples) in SVD(OGL 0 , L 0 ) for convenience. Since the identified top ten pair of singular vectors explained more than 60% of the variance, we focused on the top ten pair singular vectors to extract ten gene functional modules (TABLE 4) .
For each gene module, we computed the overlap significance between its sample set and each tissue or cancer class using a hypergeometric test, implemented via R function phyper. Those cancer types with a few samples (≤ 5) are ignored. We find that each module is significantly related to at least one cancer or tissue type, indicating that they indeed be biologically relevant.
It is worth noting that some cancer/tissue subtypespecific KEGG pathways are discovered. We summarized all key messages of the identified modules in TABLE 4. For example, we find that all the samples of module 1 belong to blood tissue, and most of samples of module 1 are significantly enriched in some lymphoid-related cancers. Interestingly, the corresponding five blood-specific KEGG pathways (including ribosome, primary immunodeficiency, b cell receptor signaling pathway, intestinal immune network for iga production, and asthma) are related to lymphoma. Another example module 6 is specifically related to large intestine, liver cancer and GI tract tissue with important KEGG pathways including complement and coagulation cascades, pheny-lalanine metabolism, primary bile acid biosynthesis, ppar signaling pathway, steroid biosynthesis. These results provide a new way to understand and study the mechanisms between different tissues and cancers.
DISCUSSION AND CONCLUSION
Inferring blocking patterns from high-dimensional biological data is still a central challenge in computational biology. On one hand, we aim to identify some gene subsets, which are co-expressed across some samples in the corresponding gene expression data. On the other hand, we expect that these identified gene sets belong to some biologically meaningful groups such as functional pathways. To this end, we propose group-sparse SVD models to identify gene blocking patterns (modules) via integrating gene expression data and prior gene knowledge.
We note that the concept of group sparse has also been introduced into some related models such as the nonnegative matrix factorization (NMF) model [48] . To our knowledge, non-overlapping group Lasso was applied as the penalty onto NMF. Obviously, our models are very different from the group-sparse NMF model. First, we used a more direct non-overlapping sparse penalty with L 0 -norm penalty into the SVD model and propose a group sparse SVD with group L 0 -norm penalty (GL 0 -SVD). More importantly, we prove the convergence of the GL 0 -SVD algorithm. Second, since the non-overlapping group structure in group Lasso or group L 0 -norm penalty limits their applicability in practice. Several works have studied the (overlapping) group Lasso in regression tasks. However, little work focus on developing structured sparse matrix factorization models with overlapping group structure. We propose two overlapping group SVD models (OGL 1 -SVD and OGL 0 -SVD), and discuss their convergence issue. Computational results of high-dimensional gene expression data show that our methods could identify more biologically relevant gene modules and improve their biological interpretations than the stateof-the-art sparse SVD methods. Moreover, we expect that our methods could be applied to more high-dimensional biological data such as single cell RNA-seq data, and highdimensional data in other fields. In the future, it will be valuable to extend current concept into structured sparse tensor factorization model for multi-way analysis of multisource data.
